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Abstract—Air traffic flow control during adverse weather
conditions is managed by the FAA in today’s air traffic system,
although it is the individual airlines that are in the best position
to assess the costs of disruptions to scheduled operations. To im-
prove the efficiency of resource allocation, a market mechanism is
proposed which enables airlines to participate directly in the flow
control decision making process. Since airlines can be expected to
behave strategically, a lump-sum market mechanism is used for
which existence of a Nash equilibrium and a bound on the worst-
case efficiency loss have been shown for agents that anticipate
the effects of their own bids on resource prices. The convergence
properties of this mechanism are studied for a two-player game
with linear utilities, which reveals that restricting the airline bid
update step size can result in a wider range of stable bidding
processes. The mechanism is then applied to an air traffic flow
control scenario for multiple airports in the northeastern US,
which demonstrates the feasibility of performing market-based
resource allocation within the time horizon for reliable weather
predictions.

I. INTRODUCTION

Air traffic management for the US National Airspace Sys-
tem (NAS) is one of the essential roles undertaken by the
Federal Aviation Administration (FAA) in maintaining safe
commercial flight operations. The air traffic control system
is responsible for ensuring that resource limits such as airport
takeoff and landing rates are not exceeded, as well as ensuring
that minimum en route aircraft separation is maintained for
up to 45,000 flights a day [1]. Coordination of air traffic
flow is aggravated by capacity restrictions caused by inclement
weather, which are difficult to predict beyond three hours in
advance, and complicated by the many stakeholders for whom
disruptions result in significant financial burdens. Delays in-
curred by any individual flight can result in repercussions
throughout the network, as aircraft, crews and passengers may
all be scheduled to continue on subsequent flights. The result
is a highly connected, dynamic and unpredictable resource
allocation problem with significant financial ramifications for
the airlines.
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Fig. 1. Air traffic visualization for the US National Airspace, courtesy of
NASA Ames and FACET [2].

The FAA has three main avenues for reconfiguring sched-
uled operations in the face of airspace disruptions: ground
delay programs (GDPs), miles-in-trail restrictions and flight
reroutes. GDPs can be used to delay network traffic bound for
specific constrained resources, such as destination airports and
en route airspace. Miles-in-trail restrictions specify en route
spacing on crowded airways to smooth flow into intersections
and congested areas. Finally, flight reroutes ensure aircraft
are redirected around weather disruptions and are managed
through a national playbook of fixed procedures developed
through years of experience. Currently, these methods address
multiple stresses to the system individually. NAS-wide coor-
dination of these actions is managed manually at the FAA
Air Traffic Control System Command Center (ATCSCC), with
verbal input from members of the Collaborative Decision Mak-
ing (CDM) initiative [3], which currently enables a common
situational awareness as well as airline participation in GDPs.
The CDM initiative is especially important as a model program
because it is the first for which incentives were designed
to enhance airline participation [4], since rationing resources
by schedule eliminates the penalty formerly faced by airlines
when providing accurate information about flight changes.

As demand for resources increases, however, the need for
the ATCSCC to provide efficient coordinated national flow
control decisions will only increase, and the research commu-
nity has therefore proposed a variety of air traffic modeling
and control techniques that enable NAS level planning in real
time [5], [6], [7], [8]. By aggregating individual flight plans
into flows over a fixed network and defining capacity limits in
both en route and terminal areas in terms of flow volumes, sig-
nificant reductions in computational complexity are achieved
over more detailed models that manage all flights individually.
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Though the ability to synthesize trajectories for each aircraft
is lost, appropriate traffic levels for sectors are computed
to meet regional demands due to congestion and weather.
This approach is in line with the hierarchical structure of the
NAS, in which the discrete problem of aircraft separation is
handled by sector controllers, while air traffic management
at the center level often deals primarily with regional flow
concerns. Another issue arises due to the fact that the costs
incurred when flights must be delayed are primarily borne
by the airlines, which are in the best position to assess the
relative value of favoring one set of flights over another. Recent
advances have focused on long-term allocation of airport slot
resources [9], [10], or specifically on the GDP process [11], but
do not consider disruptions to daily operations due to weather.
To achieve efficient utilization of airspace resources, up to date
private airline cost information must be included in the traffic
flow decision making process, a need that is complicated by
the competitive nature of airline operations.

In many engineering applications, such as Internet routing
and electricity generation, market mechanisms have been
proposed as a way to incorporate preference information into
resource allocation decisions with competing agents [12], [13].
Market mechanisms assign an explicit price to each resource
and agents balance the cost of purchasing resources with
the value of those resources to them [14]. At each step
in the process, the agents seek to minimize their costs by
purchasing resources at market prices, after which the central
coordinator updates resource prices in order to penalize excess
demand. In previous work [8], a network flow model and
market mechanism were presented for the air traffic control
system, allocating airspace resources on a three-hour time
horizon. The resources include take off, en route and landing
traffic flows, and are allocated based on airline bids and
centrally defined prices. Such a system could be implemented
as a natural extension to the existing Collaborative Decision
Making communications framework by requiring airlines to
submit bids for traffic flow in areas affected by capacity
restrictions due to weather.

Analysis of market mechanisms often relies on the assump-
tion that agents treat prices as exogenous. For large numbers
of agents with limited market share, such an assumption is
reasonable. Unfortunately, applications with a small number
of agents that command significant fractions of the avail-
able resources, such as the air traffic control problem, are
susceptible to price manipulation by the agents. It becomes
implausible to accept the assumption that agents would act
without knowledge of how their actions affect market prices.
Instead, agents must be thought of as price-anticipating, which
is to say, capable of predicting the effect of changes in
their own requests on the market. This can lead to arbitrary
efficiency loss for certain market mechanisms [15], [16] and
requires the definition of an alternate mechanism for which
such a negative result can be avoided.

One such mechanism exists in the form of the lump-sum
market, which was recently studied in the context of Internet
congestion control [17], [18]. Instead of having agents request
resource allocations directly, the lump-sum market, as its
name suggests, requires agents to specify lump-sum payments

they are willing to make for each resource, resulting in an
elastic demand which can always be satisfied by adjusting
prices relative to the cumulative payment per resource. Ex-
istence and uniqueness results for a Nash equilibrium have
been established for price-anticipating agents in the single
resource case [19], and existence of Nash equilibria in the
case of multiple network resources [18]. What makes this
market mechanism appealing is that a proportional bound on
efficiency loss relative to the central solution has also been
demonstrated for flow networks [18], limiting the possible
losses that occur if agents act as price-anticipators.

The convergence properties of the lump-sum market are not
well understood, but this work presents one set of preliminary
results in this area. The two-player game for agents with linear
utilities is considered in detail, and convergence properties
are presented for continuous steepest ascent dynamics and
for discrete best response dynamics. This investigation reveals
marked differences between the convergence properties of
the continuous and discrete dynamics, a fact that is not
immediately obvious, as the discrete dynamics are not merely
defined as discretized versions of the continuous dynamic (for
which it is well understood that step size adversely affects
convergence). Rather, the discrete dynamic is defined as a
direct update to an agent’s optimal bid, or best response, if all
other agents are held at their current bids. As the difference
in the marginal utility of agents increases, convergence of this
dynamic fails due to the fact that small changes in one bid
result in large changes in the other agent’s best response.

For the air traffic control problem, these results present a
method for improving the convergence of lump-sum markets
with multiple airlines, arbitrary convex cost functions and nu-
merous resources. If iterative best response bidding shows os-
cillatory pricing behavior in a specific situation, it is likely that
fixing a maximum bid change between rounds will improve
convergence, by mimicking the effect of requiring continuous
dynamic updates. In practice, iterative best response bidding
between price-anticipating airlines was observed to converge
quite quickly, as is demonstrated in a flow control scenario
presented in Section V. With eight airports, four airlines and
a three hour time horizon, the scenario is indicative of the
problem size that can be solved in real-time on a standard
desktop computer. The mechanism can also be scaled to
manage larger networks if distributed computation platforms
are considered for each of the airlines.

Market mechanisms exhibit known deficiencies when imple-
mented for engineering applications. The mechanisms do not
consider the effect of repeated daily operation of the market
on the airline strategies, nor do they consider the possibility
that airlines might take into account the multiple stages of
the bidding process. It will be necessary to ensure that price
fluctuations do not result in unsafe situations, although this
concern is mitigated by the three hour planning horizon.
There are also issues relating to the adoption of a novel
resource allocation method which represents a paradigm shift
in US air traffic management, as most enroute resources
are currently free of charge and airport fees are not slot
dependent. Despite these open issues, this work presents a
first step toward obtaining cost information from strategic
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airlines and incorporating it into air traffic control decision
making. Resolving these deficiencies for resource allocation
in air traffic control remains an area of future work.

The paper proceeds as follows. Section II defines a single
resource lump-sum market and restates the main known results
concerning existence and efficiency of a Nash equilibrium.
The convergence properties of the lump-sum market for two
agents with linear utilities are then investigated in Section III,
for both iterative best response play and continuous steepest
ascent dynamics. In Section IV, the air traffic network flow
resource allocation problem is restated for completeness, as
first defined in [8], and the lump-sum mechanism definition is
extended to the network flow problem, as described in [18].
Simulation results are presented for an air traffic network
consisting of eight airports in the Northeastern US over a three
hour horizon with inclement weather affecting the destination
airport in New York. Finally, some of the difficulties inherent
in implementing the proposed mechanism and areas of future
work are described in Section VI.

II. LuMP-SUM MARKET MECHANISM
A. Lump-Sum Market for a Single Resource

Consider a system of a single resource with constrained
quantity C' € R,;. Competing for the resource are agents
jeA{l,...,J} = J, who value their allocation, z; € Ry
according to a utility function, U;(z;) : Ry — R4. The agent
utility functions are assumed to be both increasing and concave
over the compact space defined by X; = [0, C]. A centralized
formulation of the efficient allocation problem is defined in
Problem P2.1.

Central Allocation Problem

maximize Y, U;(z;)

i (P2.1)
subject to > z,; < C

JjET

This convex program can readily be solved if all utility
information is known, but, for systems with independent
agents and a competitive environment, it is improbable that
this information will be available to a central authority. Instead,
market mechanisms can be employed to reach an agreement
on resource allocation amongst agents without requiring full
disclosure of utility functions.

A lump-sum market is defined in which each agent specifies
a lump-sum payment, w; € R, for the resource. This results
in an elastic demand that balances demand with capacity using

the pricing rule
A==

C

The resource price is defined as A € R and the notation ) | w;
is used when summing over all agents. An agent’s lump-sum
bid results in the allocation

(D

_ Yy
> wj
In abstracting resource markets for analysis, it is essential

to explicitly define models of agent information and behavior

C. 2

Zj

that accurately capture the likely actions of agents in the real
system. For markets with large numbers of similarly sized
participants, it is reasonable to assume that agents assume
prices are beyond their influence. Such agents are said to be
price-taking, and operate rationally with respect to the fact that
they believe their bids have no effect on the market prices they
experience. Restricting the price to be strictly positive (i.e.
requiring that the resource is contested), a price-taking agent
in a lump-sum market optimizes the following local utility,

UFT (g X) = Uy (5F) = wy. ()
The notation for the arguments of the utility function,
UJP T(wj; X), employs a semi-colon to distinguish between
arguments which are controlled by agent j, such as its bid,
and those that are assumed by agent j to be determined
exogenously, such as the price.

For markets with only a few participants, however, it is
unreasonable to assume such naivety on the part of competitive
agents. Since the pricing rule for lump-sum markets can be
assumed to be publicly available, it is likely that agents
will anticipate the effect of updating their bids on market
prices. This behavior is referred to as price-anticipating. A
modified price-anticipating agent utility function is defined
which incorporates the resource pricing rule and is expanded
to account for the case in which all bids are zero.

U (&4-C) — wy if w; >0
UPA(w. w_ ) = ADIETY J J 4
; (wjzw—;) { U;(0) ! otherwise @

Again, for notational simplicity, let the summation, »  w_ j be
over all agent bids other than agent j.

The appropriate equilibrium condition for a market with
price-anticipating agents is that of the Nash equilibrium, where
each agent prefers its current bid to any other, given that
all other agents hold their bids fixed. A Nash equilibrium is
defined as a vector of bids, w™N¥ > 0, such that

U Ei) = U i),

Vw; €Ry. (5)

B. Equilibrium Properties for a Single Resource

Two key results in the analysis of lump-sum markets with
price-anticipating agents are restated here, which establish
existence and uniqueness of the Nash equilibrium as well as a
bounded efficiency loss relative to the optimal solution to the
Central Allocation Problem of no more than 25%.

The following theorem shows that a solution to the game
exists in the form of a unique Nash equilibrium.

Theorem 1 (Existence, Uniqueness [19]): Assume that for
J > 1, each agent j has a concave, increasing and con-
tinuously differentiable utility function, U;. Then there exists
a unique Nash equilibrium, w™F > 0, which is the unique
solution to the Modified Central Allocation Problem,

Modified Central Allocation Problem

maximize U;(z;

jezj iw5) (P2.2)
subject to Y x; <C

JjeET




DRAFT ONLY: SUBMITTED TO PROCEEDINGS OF THE IEEE, SPECIAL ISSUE ON AVIATION INFORMATION SYSTEMS 4

where
Ujlz;) = (1- %’) Uj(xj)
fo dy)
and the allocation is deﬁned by Equanon ).

Even though the modified utility function U; does not have
a clear interpretation, it is a useful construct in that it enables
the proof of existence and uniqueness of the Nash equilibrium.
The following theorem ensures that efficiency loss in the game
is bounded.

Theorem 2 (Efficiency Loss [18]): Let x° be the unique
solution to the Central Allocation Problem and x© be the
unique solution to the game, (UFA, ..., UPA) and hence to
the Central Allocation Game. Then

> U @af) > 2 > Ui (). (7
JET Jj€T
Furthermore, for any set of agents, [J, there exist linear
utilities for which this bound is tight.
This result is the main reason that lump-sum markets have
recently been proposed as an alternate to resource markets for
network resource allocation problems [18].

VijeJ ©

III. CONVERGENCE PROPERTIES OF LUMP-SUM MARKETS

In order for a mechanism such as the lump-sum market
to be useful in an engineering application such as air traf-
fic control, its convergence properties must be understood.
Convergence results for best response dynamics are typically
difficult to achieve, although some positive results have been
established [20], [21]. By focusing on the two-player game
with linear utilities, it is possible to gain some insight into
the convergence properties of the lump-sum mechanism in
general. To this end, the utility function for each price-
anticipating agent is defined as

UJPA (wj ) w*] )

—CJZ C—wj;,j={1,2}

where c; is agent j’s constant marginal rate of return for
additional units of the resource. Throughout this section, the
symmetry of the problem is exploited to simplify notation by
assuming that co/c; > 1, without loss of generality.

A. Best Response Functions

The best response functions for each agent can be analyt-
ically computed for linear utilities by solving the first order
necessary conditions for optimality of agent j’s optimization

problem.
5,0 = ) 2 wei> 0 ®

Let W = RY "1\ {0}V~!. Solving Equation (8) for w; yields
the agent’s best response function, 3; : W — R,

8 wg) = max (0.6 Sy - Swss) . @

which is defined for all values of  w_; > 0. If the sum
of the other agents’ bids is zero, the best response function
is undefined, as any positive bid will capture all available
resources. Figure 2 presents the best response functions for
two agents.

0 UPA

0.81

0.6

0.4r

0.2

0 0.2 0.4 0.6 0.8 1
Wl

Fig. 2. Best response functions for two agents with utility slopes ¢; = 1 and
co = 2. Solid curves are best response functions, and dashed lines indicate
maximum bids, with agent 1 in green (light gray), and agent 2 in red (dark
gray). The equilibrium is denoted w™*.

B. Nash Equilibrium

At the Nash equilibrium of the game, denoted w*, both
agents bid their best responses: wi = [i(wj) and wi =
B2(wy). The equilibrium can be found by taking the com-
position mapping 51(082(w1)) and setting it equal to ws, to
obtain

wy = [i(fa(wr)),

(10)
= Cl(\/ngl - wl) — (\/6271}1 — ’U)l)
which results in
ci(cowy) = (1 + 2)*w?. (11)
The equilibrium of the system occurs at
2 2
* * CiC2 C1Cy
wy,Ws) = , . 12
( 1 2) ((Cl +62)2 (Cl +CQ)2) ( )

C. Discrete Dynamics

The discrete dynamic can now be defined by setting the
order in which agents respond to changes in each others’ bids,
be it sequentially, concurrently or randomly. Let £ € N index
the time step, then the concurrent discrete dynamic, w(k+1) =
B¢(w(k)) is defined for each agent as

= 05 (w(k)) = Bi(w_;(k)),

The sequential discrete dynamic w(k + 1) = S%(w(k)) is
defined as

w;(k + 1) vied. (13)

wi(k+1) =35 (w(k)),
B ﬁ](w_j(ki)) if k41 mod j =0,
| wjk) otherwise.

(14

Examples of the sequential update for the two-player game

can be seen in Figure 3 for varying values of agent utilities.

Note that as Agent 2’s utility per unit resource increases

relative to Agent 1’s, the sequential update dynamics become

less stable, resulting in limit cycle behavior in Figure 3 c) and
instability in Figure 3 d).
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b) 62/61 =4

0 0.1 0.2 0.3 0.4 0.3 0.4

c)cafc1 =6 d) ca/c1 =8

Fig. 3. Trajectories of sequential discrete dynamics for utility slope ratios
ca/c1 = 1,4,6,8. Best response curves are solid lines, discrete trajectories
are dashed lines, the initial bids are denoted by a square, and the equilibrium
is denoted by a diamond.

1) Local Stability: Local stability of the equilibrium can be
determined by investigating the eigenvalues of the linearized
dynamics, by the Hartman-Grobman Theorem, stated here in
its original continuous form.

Theorem 3 (Hartman-Grobman [22]): If the Jacobian lin-
earization, D f(w), of the system at the equilibrium, w*, has
no zero or purely imaginary eigenvalues, then there exists a
neighborhood U € R™ and a homeomorphism h : U — R",
which maps trajectories from the system to its linearization. In
particular, h(w*) = 0, and the homeomorphism can be chosen
to preserve the parameterization by time.

As a result, stability of the equilibrium with linearized
dynamics applies to the nonlinear dynamics over some local
region about the equilibrium. If the linearized dynamics have
eigenvalues in the left half plane, the nonlinear dynamics
are locally exponentially stable for an open neighborhood of
the equilibrium. Similarly, if any eigenvalue of the linearized
dynamics is in the right half plane, the nonlinear equilibrium
is unstable. An analogous theorem exists for the discrete
case [22], and local stability can be guaranteed by ensuring
eigenvalues of the linearized discrete system are located inside
the unit circle.

Starting with the concurrent discrete dynamic, the linearized
dynamics about w* are

(w(k +1) = w*) = DE(w) |~ (w(k) —w"),

0 C1 — C2
. 15)
= Co — C1 282 (w(k) —w )a
261
with eigenvalues
C1 —C2
A= | RyTen | (16)

2\/ —CoCq1
which remain inside the unit circle for ratios of co/c; <
3+ 24/2. Above this ratio, the equilibrium is locally unstable.

Note that the sequential update procedure results in the same
linearization as the concurrent update, as can be demonstrated
by considering the composition of two sequential updates.

2) Convergence: Depending on the ratio of utility slopes
¢o/c1, the discrete dynamics evolve in a number of manners.
This section first identifies the ratios for which convergence is
possible, guarantees convergence for a subset of these ratios,
and then describes the behavior that results above these ratios.

The maximum bid of either agent is found by maximizing
its best response function over all bids by the other agent.
Setting the best response function derivative to zero for agent

1 yields
9 S A )
ng 21 /W ’ (17)
wsnaac — c1 /4)
B1(wg®) = /4.

The maximum bid by agent 1 occurs when agent 2 bids ¢; /4
and is also ¢; /4. Convergence to the equilibrium is shown for
all feasible initial bids, wg € A = (0, ¢1/4] x (0, c2/4], for a
limited range of utility slope ratios.

Theorem 4: Given utility slope ratios of ca/c; € [1,9/4),
dynamics defined by Equation (14) and any initial bid pair
wo € A, the system converges to the equilibrium

% C%CQ 0103
w* = , .
(c1+¢2)?" (c1 +c2)?

Please refer to the Appendix for the details of the proof.

For ratios of ca /¢y > 34+2v/2, it is possible to demonstrate
that the best response function of agent 2, 82(w1), is positive
for all w; € (0, w}***]. This ensures that the only games in
which either agent will post a bid value of zero occur when

agent 2 bids above the maximum value at which agent 1 will

participate. Setting 31 (wz) = 0 yields w}™*® = ¢; as that
maximum value, and then setting Sa(w(™**) = w}{™*" and

solving for the ratio cp/cy gives a limit of co/c; = 25/4.
Therefore, for all ¢5/c; > 25/4, the discrete dynamic outcome
may be undefined, and for all cy/c; € (3 + 2v/2,25/4), the
system is not able to converge to the equilibrium, as it is
locally unstable, nor is it able to exit the region of feasible bids,
(0,¢1/4] x (0,cq/4]. Instead, all trajectories must continue
throughout the feasible region as ¢ goes to infinity.

In summary, the two-player game with discrete dynamics
can be subdivided into four types based on the ratio of utility
slopes, ¢a/c1.

e For ratios of co/c; < 3 + 2v/2, the equilibrium is
locally stable, and convergence to the equilibrium can
be guaranteed for all initial values of w € (0, ¢1] % (0, co]
and utility slopes ca2/c; < 9/4.

o For slopes 9/4 < cy3/c; < 3 + 2/2, no guarantee is
provided, although it is our conjecture that all trajectories
of the discrete dynamics do converge to the equilibrium.

o If the ratio of ca/cy > 3+ 2+/2, two further possibilities
exist. First, for ratios of 3 + 2v2 < ca/c; < 25/4,
convergence to the equilibrium is not possible and a limit
cycle occurs.

« Then, for ratios c3/c; > 25/4, the possibility arises that
one agent is forced to bid zero, at which point the best
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response function for the other agent is undefined, and
the outcome is undefined.

Returning to Figures 3 a)-d), it can be seen that in scenarios
a)-b), the discrete dynamic achieves the equilibrium, in c), a
limit cycle results, and in d), a zero bid is placed by agent 1,
resulting in an undefined outcome. As expected, the ratios of
¢a/cy for which each of these behaviors occurs fall into the
regions described in this section.

This result is interesting from the point of view of applying
the mechanism to the air traffic flow control problem, as
it demonstrates that even with only two price-anticipating
airlines it is possible that iterative best response bidding may
not converge to an equilibrium, leaving controllers without
a traffic flow solution to implement. The following section
performs a similar analysis for a continuous airline bidding
update model with more favorable results.

D. Continuous Dynamics

Instead of allowing an agent to bid its best response directly,
it is possible to define continuous dynamics for the game
whereby each agent seeks to locally improve in the direction
of steepest ascent of its value functions. Additionally, we can
define an aggressiveness factor for each agent, «;, which sets
the rate at which an agent reacts to its value function gradient.
The continuous dynamic in terms of bids is defined as

H(®) = 55 (oo (w0 wi0)).

- ()

which is well-defined for all >~ w; > 0, and is defined as oo
for ij = 0. Recall also that w; > 0, which introduces a
discontinuity in the definition. The dynamics for the complete
system are summarized as v = f(w), and example trajectories
are presented in Figure 4 for the two-player game for varying
levels of aggressiveness.

w; (1)

(18)

1 = 1
S i
N [N
T et
' Py
0.6F ' [NETH
T Ty
B n'p Ly
u:‘, ,,,,,, = 11y
04r W oL LT LT TN
i /iy dealiy doainga fuie
e R Ay e A P
0.2t ‘
777777777 - /K, = 1/40
K, /K, =
0 ‘ ‘ ‘ L 20 ‘
0 005 01 015 02 025 03 035 04
w,
1

Fig. 4.  Trajectories of discrete sequential and continuous dynamics for
utility slope ratio c2/ci = 6. Continuous trajectories are presented for
aggressiveness ratios varying from ko/k1 = {1/40,1/3,1,3,40}. Best
response curves are light solid lines, discrete trajectories are dashed lines,
continuous trajectories are dark solid lines, the initial bids are denoted by a
square, and the equilibrium is denoted by a diamond.

1) Local Stability: The linearized continuozus dynamics are

Df(w)],, (w — w*). At w* = <+><+)2

the eigenvalues of the linearized system can be shown to be

negative for all values of k1, ko,c1,co > 0, but are omitted
for space considerations.

2) Convergence of Continuous Dynamic: To demonstrate
convergence of the continuous dynamic, a series of definitions
and theoretical results are required. This section relies on an
established body of work in nonlinear analysis [22].

First, a trajectory is defined as (¢, wo) where v : Ry X
R2 5 R% te R4 and wqg € R2. An invariant set, S C R?,
is one for which no trajectory that starts in S at to = 0 exits
the set S. A point w is an w-limit point of a trajectory -y
if there exists a sequence of times t, such that ¢, — oo
as n — oo for which lim,, . y(t,,wp) = w, and can
be interpreted as any point that is visited infinitely often.
An w-limit set, w(wy), of point wy is the set of all w-limit
points of the trajectory ~(t,wq). Closed orbits are defined
as periodic trajectories that do not contain any equilibria.
Finally, heteroclinic (resp. homoclinic) orbits are defined as
the union of multiple equilibria (resp. a single equilibrium)
and trajectories connecting them.

To complete this brief overview of the necessary concepts,
two well known results are restated. The first, known as
Andronov’s theorem, further characterizes w-limit points.

Theorem 5 (Andronov’s Theorem [23]): Every w-limit
point must be either an equilibrium, an element of a closed
orbit, or an element of a heteroclinic or homoclinic orbit.

Next, Bendixson’s theorem can be used to determine the
lack of existence of closed orbits inside a simply connected
region.

Theorem 6 (Bendixson’s Theorem [22]): Suppose D C
R? is a simply connected region such that the divergence,
div(f) = 3—1’211 gi{fz is not identically zero in D and does
not change sign anywhere in D. Then D contains no closed
orbits of w = f(w).

It is possible to demonstrate, in three steps, convergence of
the continuous dynamic defined in Section II-A over a set of
initial conditions. The first step is to demonstrate that the set
of feasible initial conditions defines an invariant set for any
values of k1, ko and for values of ¢o/c; < 25/4. The second
step involves showing that closed orbits do not exist inside the
region of interest, which is done using Bendixson’s theorem
for planar systems. Finally, it is possible to demonstrate that
the equilibrium is the unique element of the w-limit point for
all points inside the invariant set. By Andronov’s theorem,
it is known that all w-limit points must be either equilibria,
closed orbits or heteroclinic/homoclinic orbits. Closed orbits
can be eliminated by use of Bendixson’s theorem, heteroclinic
orbits by the fact that only one equilibrium exists inside the
invariant region, and homoclinic orbits by the local stability
of the equilibrium. This guarantees that all trajectories must
eventually reach the equilibrium. Since the equilibrium is
locally stable, a trajectory cannot leave the equilibrium once
it has been reached, and convergence is ensured.

An invariant set for the continuous dynamics can be defined
by the set of feasible initial conditions, which is all points
where both agents bid no more than the maximum of their best

W ~
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response functions, (w1, wz) € [0, ¢1/4] x [0, c2/4]. For cases
where ¢y /c¢1 > 4, the region can be further restricted to ensure
that neither agent is priced out of the market on the initial bid,
namely that wo € [0, ¢;]. The region under consideration can
be defined by four separate curves, as depicted in Figure 5,
labeled €2, and defined in Table 1.

Number | Curve Normal
w1 =0
9| wpemin(%,e | 0O
w1 € [07 %
g2 wg = min(Z, c1) {01}
— C1
. w1 =5
9 | wpemin(%,e] | 10
wy € [07 % _
94 wo = {07 1}
TABLE 1
INVARIANT SET DEFINITION.
0.7¢ |
|
08k | g
05} —
041 Q
g 031 g1 g3
02r
0.1t
Ol ——— | -
I 94
0.1 ‘ —_
-0.1 0 0.1 0.2 03 04 05 06

Fig. 5. Invariant region for utility slopes, c1 = 1, c2 = 2.

Lemma 1: The region ) defined in Table I is an invariant
set for the system defined in Equation (18).

Please refer to the Appendix for details of the proof.

It is now possible to state the main convergence result for
continuous dynamics with two agents.

Theorem 7 (Convergence to Nash Equilibrium): Given
utility slope ratios of ca/cy € [4/25,25/4], dynamics defined
by Equation (18) and any initial bid pair wg € €, the system
converges to the equilibrium

. ( ey c1c5 )
w* = , .
(c1+¢2)?" (1 + c2)?

Please refer to the Appendix for details of the proof.

Although this result is limited to utility slope ratios ¢z /¢ <
25/4, it is our conjecture that convergence holds beyond this
threshold as well. The difficulty in extending the result lies in
the discontinuity in the definition of the continuous dynamics
when a zero bid is placed by either agent in reaction to a bid
placed by one agent above the maximum at which the other
agent will participate, which eliminates the ability to apply
either Bendixson’s or Andronov’s theorem.

The analysis of convergence properties in this section
reveals that the continuous update dynamics are stable for

a much larger range of agents than iterative best response
bidding. This result is in contrast with the desire of mechanism
designers to allow the more natural mechanism definition
where agents bid iteratively and react to current market prices.
The lesson for the air traffic control application is therefore
that if issues arise with limit cycles or zero bids in the iterative
setting, convergence to the unique Nash equilibrium can be
improved by approximating continuous ascent dynamics. In
practice, this can be done by enforcing a maximum bid
adjustment step size.

The methods employed for the convergence analysis rely
heavily on the fact that only two agents were considered. In
extending these results to more than two agents that exists
for air traffic control, a novel approach such as a Lyapunov
stability argument would most likely be needed. Nonetheless,
the insight provided by the two agent scenario should be
applicable to problems with more agents.

IV. APPLICATION TO AIR TRAFFIC FLOW CONTROL

The lump-sum market mechanism described above can
be seen to satisfy three crucial properties required for the
inclusion of airline preference information in the air traffic
flow control problem. First, an equilibrium solution is known
to exist even when airlines anticipate the effect of their bids on
prices. Second, this equilibrium is known to exhibit a worst-
case loss in efficiency of 25%, ensuring that strategic airline
behavior will not result in arbitrarily poor system performance.
Third, the convergence results from the previous sections
reveal that it is possible to achieve this equilibrium through
a distributed bidding process. Although it is true that other
properties for this mechanism can also be considered essential,
these remain in the realm of future work.

This mechanism is applied to an air traffic network flow
model first defined in [8]. The model aggregates flow sepa-
rately for each airline between origin and destination pairs,
and seeks to avoid excessive densities of aircraft at any one
resource (jetway or airport runway) at any specific point in
the planning horizon, based on resource capacity estimates
derived from weather forecasts. The flow control approach
does not develop trajectories for individual aircraft but rather
determines appropriate traffic levels for individual links to
meet regional goals such as rerouting traffic flows around
congestion or weather. This approach is reasonable in light of
the hierarchical structure of the NAS, where more localized
tasks of aircraft separation assurance are handled by TRACON
and sector controllers, while regional concerns are in the realm
of traffic flow management at the center level. Also, since
aircraft operate most efficiently at their desired cruising speed,
and since the flow abstraction necessarily reduces the model
fidelity, the flows are assumed to operate at fixed velocities,
which greatly reduces the computational complexity of the
flow allocation problem.

It is important to note that other models exist for the NAS
resource allocation problem [7], [24], which enable variable
velocity flow modeling, or tracking of individual aircraft. This
specific flow model was selected, however, for its convex and
scalable formulation, which makes it ideally suited for use with
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Fig. 6. A simple air traffic network with 5 links is used to illustrate the
various components of the definition, where allowable flows are indicated by
dashed and dotted lines. The source set is S = {1, 2,3} and the sink set is
Z = {4,5}. For this network, there are no merge sets, as all flow is split
between multiple links. The divide sets, D1 = D2 = D3 = {4,5}, and
inflow sets F4 = F5 = {1, 2, 3} capture the properties that flow from links
1,2 and 3 can be split into links 4 and 5.

the lump-sum market mechanism and for application to large
portions of the NAS. This section proceeds by first presenting
an overview of the preferred flow modeling approach. The
lump-sum mechanism is then adapted to the network flow
allocation setting, following its definition in [18], which is
followed by a discussion of the computational complexity of
the optimization required of the airlines. The mechanism is
then implemented on a multi-airport scenario in Section V.

A. Network Definition

Consider an air traffic network defined by fixed sets of nodes
ne{l,...,N} =N and links ¢ € {1,...,I} = Z. The node
incidence matrix, AN 6{0,1}N xN captures the connectivity
of the network, with A{L\{) = 1 if node a is connected to
node b and 0 otherwise. Similarly, a link connectivity matrix,
AT €{0,1}7%1 is defined with AZ, = 1 if link a flows into
link b and Ag’b = 0 otherwise.

A subset of links, S C Z, is defined as the set of sources
from which flow can originate and Z C 7 is defined as the set
of sinks from which flow exits the network. Each link ¢ € 7
has a set of links M;, whose entire flow merges into link 4,
and a set of links D;, whose members each receive a portion
of flow from link ¢. Let M = U;c7.M; represent the set of all
merging links and define D similarly. Then, for each diverging
link d € D, there exists a non-empty set 4 of inflow links
for which a portion of the flow is able to flow into link d. See
Figure 6 for a small example of the elements of this common
network definition.

B. Discrete Path Flow Model

Instead of allowing complete authority over flow velocity
and route selection, the path flow model restricts the flow to
predefined paths with fixed velocity profiles. The result is that
continuity is conserved by the path definition and that capacity
constraints need only be ensured upon entry to a link. The
formulation is further simplified by discretizing time with time
step dt, as t € {0, dt,...,T} =7 where T € R, represents the
finite time horizon of interest and Ny = |7 |. This allows for
the definition of a finite set of available link/time pairs referred
to as resources, r = (i,t) € R =7 x 7, with R = |R| the
total number of resources. Each resource has associated with it
an en route capacity limit, summarized by an en route resource
capacity limit vector, C¢ € Rf. Once again, the assumption

that these limits can be determined safely and in advance is
implicit in the definition of the capacity of resources.

In the Discrete Path Flow model, airlines plan flights for
specific origin-destination (OD) pairs, (n,,nq) € OD C N x
N. Each flight must follow a route over the network, which
can be started at any point in the planning horizon (i.e. delayed
arbitrarily). A route/time pair is referred to as a path, p, which
can be represented in terms of the resources the flights will
consume, and implicitly defines the speed at which the aircraft
travel over the network, p = (r',...,r"»), where N, € N is
the length of the path. Note that each path is defined for a
specific airline!, so that p € P, P = Ujej P;, and P = |P|.
Each resource is assigned to the path at the time of entry
onto a link, and therefore encapsulates the dynamics of the
network flow in a matrix representation. The path-resource
matrix A°¢ € {0, 1}7*F is defined as,

1 path p consumes resource r, (19)
0 otherwise.

Ae(rap) = {

Traffic flow along each path can now be allocated such that
capacity limitations are observed. Define y € Ri as the
flow allocation along all paths, then en route capacity limit
constraints are A%y < C°.

Similarly, airport departure and arrival flow can be re-
stricted to satisfy runway capacity limitations. Since multi-
ple routes can be defined for each OD pair, airport arrival
and departure flow can be determined by summing over
the corresponding path flow allocations. Define the matrices
wo v e {0,1}V*F, to map any path flow allocation, v,
to origin-destination pair inflows, y° € RY, and outflows,
y? € RY, where V = OD x T is the set of OD/time pairs, of
cardinality V. Then,

1 path p starts at OD/time pair v,

U(v,p) = { (20)

0 otherwise,
(2D

y°® = WOy and y? is defined similarly. The airport departure
and arrival flow can be defined by summing over all OD pairs
that arrive at or depart from a specific airport. Similar to Equa-
tion (19), let A° € {0, 1}SIXNT)XV - Ad ¢ [ 1}(IZ[xN)=xV
be the origin and destination matrices, respectively. Then
airport capacities are constrained by A°y°® < C° and Ady? <
C?, where C° € RISI*NT and ¢4 € RIZIXNT are the limits
on safe airport operation.

C. Discrete Airline Model

In order to react strategically to unpredictable phenomena
such as weather, it is necessary to define an airline cost
function over possible outcomes. For airlines, aircraft arrival
delays relative to the predefined flight schedule are an excellent
indicator of the costs to be incurred by air traffic control
decisions, and are in fact monitored by the FAA to assess
air traffic control performance [1]. Therefore, the airline costs
are modeled by minimizing the quadratic deviation from the

'For the path flow model, the subscript j shall be used to denote the
components of a set, vector or matrix that corresponds to the j** airline.
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cumulative scheduled arrival flow, which penalizes not only
deviations from the scheduled flow but also how long those
deviations persist. This cost structure does not exactly penalize
individual flight delays, however, as this information is lost in
the flow aggregation process. The quadratic nature of the cost
function does penalize large deviations from the flight schedule
more heavily than small ones, which mimics the fact that larger
disruptions tend to impact subsequent scheduled flights more
severely, driving a domino effect of cost escalation as delays
persist. Although deviations from the planned routes, departure
delays and en-route velocity changes can impact airline costs,
it is reasonable to assume that arrival delays are the most
prominent concern. However, concave, non-decreasing cost
functions can easily be designed that also penalize additional
quantities such as cumulative deviation from the scheduled
departure flow or deviation from scheduled path flows. Future
work will aim to include the case of airline flight cancellations
as well, which essentially define an outside option as resource
prices increase.

To simplify notation, let Y° € RY and Y¢ € RY be
the cumulative origin inflow and destination outflow for all
OD/time pairs, respectively. Cumulative departure inflow is
defined by Y° = T'y°, where I' € {0,1}V*V is a block
diagonal matrix with lower triangular blocks of dimension N,
and cumulative arrival inflow is defined similarly. Let y°° be
the scheduled departure flow and y*¢ be referred to as the
scheduled arrival flow, with Y*° and Y*? defined equivalently
to Y° and Y. A representative airline cost function can be
defined as,

Jily;) = I max (0,7 =Y) |5, 22
where ; € RXXV is a diagonal weighting matrix that
captures each airline’s preferences over OD pairs at each time
epoch. Note that the zero vector of dimension V is represented
by 0, and the max function is performed elementwise; that is,
max(0, -) operates on a vector such that positive entries are
unchanged and all other entries are set to zero. Equation (22)
defines an example of an airline cost function that is convex
and non-increasing, since it is a positive linear combination
of convex, non-increasing functions in the path flow variables,

Yj-

D. Centralized Optimization

It is now possible to define a centralized optimization
program with complete information of airline preferences. Let
A and C be defined as,

A¢ ce
A=| A |, Cc=| cC° (23)
Ad Cd

Note that the matrix A can be divided into N submatrices,
A =[A|...|An,], which map airline path flow allocations,
Y, to the resources consumed. The air traffic path flow
allocation problem can now be seen to take a similar form
to the Central Allocation Problem defined in Problem P2.1,

Central Path Flow Allocation
minimize ) J;
y=20 €T
subject to Ay < C

(P4.1)

whose solution, y¢, represents the ideal solution to the multi-
airline resource allocation problem if airline preferences were
public information. The convex formulation ensures that for
problems of reasonable size, the optimization can be per-
formed conveniently using standard convex optimization tools
such as CVX and SeDuMi in the Matlab environment [25],
[26], [27].

E. Lump-Sum Market Mechanism for Air Traffic Flow Control

The definition of the lump-sum market for this problem
formulation requires additional information of the bidders, in
order to avoid situations where a Nash Equilibrium might not
exist if demand for a resource is insufficient to keep prices
away from zero [18]. Bidders are also required to submit a link
flow request &; € Rﬂr which is the amount of flow they would
like to have allocated when the price for a resource is zero. Let
zj = (w;, ;) be defined as the the airline strategy, with z =

(#1,...,2y) the complete strategy vector. The flow allocation
process is then augmented for each resource as follows,
Wis
iCi Z Wi; > 0,
> wij €T
JjeET
ij(z) = Zij >oowiy =0, > #; <O,
JjeJ JET
0 Zwijzo,Zmij>Ci.
Jj€T JjeET

(24)
where x;;(z) is the allocation of flow on link ¢ assigned to
airline j resulting from the airline strategy z. Note that if the
total requests for flow on a link exceed the link capacity but
the sum over all bids on that link is zero, no airline receives
any flow allocation as the link has become contested.

The local airline cost functions are defined as,

T M z552-5) = Ti(ys(5(2))) + D wag,

1€l

(25)

Note that the airlines not only determine the lump sum bids,
wj, to place for each resource, but also identify the path
flows, y;, which maximize the value of the flow allocations
over each of the links, x;, which are determined by the lump
sum bids. In effect, the requirement to identify path flows in
addition to resource bids represents an embedded network flow
maximization problem in the argument of the airline cost.

The definition of a Nash equilibrium of Equation (5) is
augmented to include the flow requests,

TP NP < IPA (2R,

j )X —j —j VZJ c R+. (26)

The existence of a Nash equilibrium and its efficiency loss
can now be established for the multi-link network problem.
Because the strategy space of the airlines has been expanded
to include link flow requests, the requirements on the costs can
be relaxed to no longer require decreasing, differentiable costs,
although the uniqueness of an equilibrium can no longer be
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guaranteed. In establishing these results for airlines with costs
instead of utilities, the following assumption is required.

Assumption 1: The airline cost functions, .J; are assumed

to be convex, non-increasing and continuous. Furthermore, the
cost of a null allocation for each resource is assumed to be
finite, and is referred as the worst case cost, d; = J;(0).
As a result of the worst case cost function, the airline cost
functions can be posed as utility functions, U;(z;(z)) = d; —
J;(z;(z)), which are nonnegative, concave, continuous and
nondecreasing for all flow allocations, and evaluate to U;(0) =
0 for a null allocation. This assumption allows for a modest
generalization of the results of [18] to problems in which
airlines measure preference in terms of cost, and for which
null allocations do not result in zero costs/utilities.

Theorem 8 (Existence [18]): Assume that for J > 1, each
airline j has a cost function, J; that satisfies Assumption 1.
Then there exists a Nash equilibrium, zN¥ > 0 of the game
defined by (J&4,..., T4, if the allocation is defined by
Equation (24).

The efficiency loss bound for lump-sum markets also holds
in the current context.

Theorem 9 (Efficiency Loss [18]): Let z° be the unique
efficient solution to the Central ATC Allocation problem and
2% be a Nash equilibrium of the game, (JT2, ..., JF4). Then,

> di - Ji(@f(z9)) > Z > di— g5 (%) | @D

JET JET
Furthermore, for any set of airlines, [J, there exist linear
utilities for which this bound is tight.

The local airline optimizations can now be defined for both
price-taking and price-anticipating airlines. For airlines that
act as price-takers, the airline subproblems are defined as

Price-Taking Airline Subproblem
Ji(y;) + X wi

=
subject to )\iAi,jyj < Wiy, Viel

minimize (P42)

The notation A; ; denotes the i row of the j™ sub-matrix, 4;,
of the matrix A defined in Equation (23). A; ; is a row vector
of the same length as y;, the path flow column vector.

For airlines that act as price-anticipators, a simplifying
assumption is made that there exists a minimium bid, €,, > 0,
for every resource, ensuring that only the first pricing rule
in Equation (24) is applicable. The airline subproblems are
defined as

Price-Anticipating Airline Subproblem

minimize  J;(y;) + > w;j
i€Z
subject 0 w;; > € (P4.3)
W
4Y5 = S wy
jeT N

In both cases, the airline subproblem is a convex optimization
program and can therefore be solved efficiently with standard

optimization tools. The airline cost functions are convex,
and for Problem P4.2, the constraints are linear. The flow
constraints in Problem P4.3 are also convex, which can be
seen by rewriting them as

> Wik
k#j

wij + Y Wik
KZ

Ay <Ci | 1— ) (28)

and noting that for constant a € (0,00), w € (0,00), the
function f(w) = a/(w + a) is convex in w.

The lump-sum market mechanism is adapted for the air
traffic control problem in Algorithm 1, where iterations are
indexed by k.

Algorithm 1 Discrete dynamic algorithm for lump-sum mar-
kets.
1: Initial bids, z?, submitted Vj € J.
k=0
repeat
Ak = S wy

, central price update.

%(2)) are set as defined in Equation (24).

AN -

Allocations

6:  Agents update their responses z;”l by solving Prob-
lem P4.2 or P4.3.
cuntil Y (|25 - 2F|| < e

~

E. Problem Size

The size of the air traffic flow control problem defined
above depends primarily on the length of the planning horizon
and the subset of the US NAS to be included. The US NAS
contains 60 major airports’> for which flow scheduling might
be considered, which results in as many as 3,540 OD pairs.
The total number of link resources can be approximated to
be 2,500, by assuming approximately 7 links across each of
400 sectors that cover the US. For a path flow model with
5 alternate routes per OD pair and 5 minute time intervals,
the flow allocation problem could reach sizes on the order
of one million flow variables and one half million resource
constraints. At this size, exact second order techniques are
currently impractical and convex program solution times in
the tens of minutes for each local optimization are likely on
standard computing hardware. More tractable problems can
be generated by including only those resources for which
congestion or weather have resulted in a desired schedule that
currently strains capacity limits. Similarly, the problem size is
significantly improved by limiting the planning time horizon
to three hours, which is in line with the time horizon for which
sufficiently accurate weather predictions are available. The
simulation results presented in Section V are representative
of problem sizes for which real-time market based allocation
converges in a realistic time frame for mitigating schedule
disruptions due to weather.

2 A major airport is defined as one that supports > 0.25% of total passenger
enplanements in the US.
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V. SIMULATION: AIR TRAFFIC FLOwW CONTROL
A. Scenario

A scenario based on the north-eastern United States is used
to investigate the relative performance of price-taking and
price-anticipating airlines in the lump-sum market mechanism.
For this scenario, flow departing from seven airports within
approximately three hours of and destined for New York is
modeled, as depicted in Figure 7 a). Once again, the simulation
spans a three hour time horizon and uses a five minute time
step. The nodes of the network are based on actual airport
and airway intersection locations available from the FAA [28],
links were generated artificially for convenience only, and
a primary shortest path and secondary alternate path were
generated over the network for each OD pair.

Four airlines are considered for this scenario, as summarized
in Table II. They are defined to represent the various types of
airlines in existence, including low-cost and mainline carriers,
as well as large volume and small volume airlines. The
schedule definitions for mainline carriers tend to be peaked,
meaning that many flights are scheduled to arrive at their
hub airports at the same time, putting a strain on the airport
and increasing their cost of operations. In contrast, low-cost
airlines try to maintain flat schedules which utilize gates and
surface crews evenly, thereby reducing their costs.

Schedule Type | Traffic volume | Costs

Airline 1 Peaked High High

Airline 2 Flat High Low

Airline 3 Peaked Low High

Airline 4 Flat Low Low
TABLE II

SCENARIO: AIRLINE SCHEDULES AND FLOW PREFERENCES.

En route capacity limitations are uniformly set to 90% of
the peak scheduled flow along the busiest link, and inclement
weather is included as a polygon with fixed size and a known
velocity that reasonably approximates standard weather pattern
movements. Capacity is assumed to be restricted by 50% for
all flows with any subsection of the link inside the weather
polygon at each time step.

B. Results

Figures 7 b)-d) shows the resulting aggregate flow over the
network for all airlines at a sequence of times. The weather
polygon and affected nodes are also shown, and link width
is again used to represent flow volume along a link. The
weather disruption polygon and affected links and nodes are
represented in red (dark gray).

Figure 7 b) shows the relatively low demand starting period
of the simulation, where most flows are taking the shortest
path routes to the destination, and none of the flow is close to
the link capacity limits. Once again, weather has a significant
impact on flow to the destination and in particular, Figure 7-d)
shows a surge of recovery flow once the weather has passed.

Figure 8 presents the arrival traffic and pricing throughout
the simulation for both price-taking and price-anticipating air-
lines, as well as the resulting flow and constraint satisfaction.

From this figure, one can see the flow at the destination
airport being reduced during the weather disturbance, and
then recovering once the disturbance has passed. Note that
the recovery does not occur immediately, as not only was the
destination airport affected by the weather disruption, but also
the links leading to the destination and so recovery was stalled
until flows along the final legs of the flight paths could again
reach the airport.

Arrival Traffic
150 T T

100 — 1

Flow

50

0 50 100 150 200 250
Time

200

150 1

100 1

Prices, p

50 1

"
0 50 100 150 200 250
Time

Fig. 8. Arrival flow at the destination airport. Top) Arrival flow quantities:
Scheduled arrival traffic (light green line), airport capacity (dark red line),
price-taking solution (dark blue o) and price-anticipating solution (light
magenta ¢). Bottom) Airport pricing for price-taking solution (dark blue o),
and price-anticipating solution (light magenta ©).

The main distinction in the solutions of the price-taking
airlines and the price-anticipating airlines is that the prices
that result in the price-anticipating solution are lower than
with price-taking airlines. This effect is caused by the airlines
that command a significant portion of the available resources,
which bid lower than they otherwise would in order to
keep prices down. In the extreme with two price-anticipating
airlines and a single resource, if one airline bids zero, the other
is incentivized to bid as close to zero as possible, as it will still
receive all the available resource regardless of the magnitude
of its bid. By contrast, the price-taking airline would bid such
that the price equals the negative of its marginal cost when it
receives all the available resource, which is some finite non-
negative value for strictly increasing, convex cost functions.

The deviation from the desired cumulative schedule is
plotted for each airline in Figure 9, for both the price-taking
and price-anticipating airlines. The high cost, high volume
airline (Airline 1) has increased its deviations in the price-
anticipating solution, whereas the other airlines (Airlines 2-4)
have decreased their deviation. Essentially, the high cost, high
volume carrier commands enough of the available resources
to depress market prices to its advantage, and so incurs some
additional delay as a result.

A comparison of price-taking and price-anticipating airline
costs is presented in Table III, where columns represent the
actual delay cost incurred, the resulting payments made by
the airlines and the total market cost that results for each
airline. Three interesting elements of the results are visible
in this table. First, the overall efficiency of the solution is
better with price-taking airlines vs. price-anticipating airlines,
as visible from the total delay cost for each solution. This
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¢) T = 100
Fig. 7.

d) T =150

Aggregate flow of traffic to New York airports for all airlines. Each figure has airports marked with black circles, and all airway intersection nodes

depicted with diamonds. Subfigure a) presents the network map. Subfigures b)-d) depict flow volume at times ¢ = 50, 100, 150 minutes, and use link width
to represent flow volume. The weather disruption polygon is shown in red (dark gray), as are all links and nodes affected by weather.
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Fig. 9. Deviation from desired cumulative arrival flow: Price-taking solution
(solid blue line) vs price-anticipating solution (dashed magenta line) for each
airline. The high cost, high volume airline (Airline 1) incurs more delay as a
price-anticipator and other airlines (Airlines 2-4) incur less delay.

follows from the fact that the lump-sum market with price-
taking airlines converges to the efficient solution, whereas the
Nash equilibrium for price-anticipating airlines need not be
efficient. Second, since the resource prices are lower with
price-anticipating airlines, so to are the payments they make
(for all but Airline 4), and finally, all airlines prefer their
market totals in the price-anticipating scenario over those in
the price-taking scenario.

Finally, the market mechanism convergence performance
can be observed in Figure 10. The slow rate of convergence

Price-Taking Airlines
Delay Cost | Payment | Market Total
Airline 1 573 6442 7015
Airline 2 2026 3392 5418
Airline 3 504 848 1352
Airline 4 454 65 519
Total 3557 10747 14304
Price-Anticipating Airlines
Delay Cost | Payment | Market Total
Airline 1 1374 3835 5209
Airline 2 1846 2381 4227
Airline 3 268 741 1009
Airline 4 400 91 491
Total 3888 7048 10936
TABLE III

COST COMPARISON AND RESOURCE PAYMENTS FOR ALL AIRLINES IF
ACTING AS PRICE-TAKERS OR PRICE-ANTICIPATORS.

of the market mechanism with price-taking airlines is a direct
result of the pricing update mechanism, which must maintain a
small step size to avoid excessive oscillation of market prices.
Subgradient techniques can be used for the price update,
but the algorithm can only be guaranteed to converge in
an unbounded number of steps [29]. In contrast, with price-
anticipating airlines, there is a significant improvement in the
number of iterations required for the market prices to converge,
which is indicative of the anticipatory effect that airlines have
by including the effect of their bids on market prices in their
local decision making. In practice, the local optimizations
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Fig. 10. Convergence of lump-sum market based flow allocation with the

Discrete Path Flow model for both price-taking (dotted blue) and price-
anticipating (solid magenta) airlines. Error as a percentage of the final cost.

involve convex nonlinear constraints on the airline bids, and
therefore take longer to perform than the equivalent price-
taking optimization, so some of the benefit of the faster market
convergence is lost. For a market mechanism that requires
hundreds of iterations to converge, local airline optimizations
cannot consume longer than ten seconds if time constraints on
the overall computation are to be met.

VI. CONCLUSION

In summary, this paper proposes the use of a lump-sum
market mechanism for the allocation of resources amongst
price-anticipating airlines competing for air traffic network
flow, in order to improve system efficiency when weather
disruptions affect capacity. This method allows for the fact
that airlines are in direct competition and will attempt to gain
an advantage over their competitors.

This work includes an investigation of convergence prop-
erties of the mechanism, to strengthen the justification for
its implementation. By restricting the class of problems to
two agents with linear utilities, both discrete best response
and continuous steepest descent dynamics can be classified
into regions of guaranteed stability. Most interestingly, the
continuous dynamic is stable over a broader range of agent
types than the discrete dynamic, which implies that for systems
where convergence of the discrete best response dynamic is
too slow or non-existent, a limited step size approach may
improve the situation.

The effect of price-anticipation by the airlines on the
market outcome is demonstrated for a representative flow
problem, and both moderate efficiency loss combined with
lower resource pricing result, and in fact all airlines prefer
their outcome with this mechanism over the efficient market
solution that results from price-taking strategies. Although no
convergence guarantee exists for price-anticipating airlines on
network flow problems, in practice, the convergence results
were in fact significantly better when airlines predict the effect
of their bids on prices.

A. Future Work

Many fascinating aspects of the implementation of market
mechanisms for disruption management in air traffic control

remain. The notion that airspace resources have inherent
value, and that allocation to the highest bidder is the most
desirable method for managing excess demand is certainly
not universally accepted. Great care will need to be taken
to address fears from players such as the general aviation
community, but ultimately both safety and efficiency concerns
will be advanced if busy routes and airports are preferentially
reserved for larger vehicles with higher resource valuations.
Similarly, safety concerns may result if convergence to feasible
solutions cannot be guaranteed within the planning window,
and further work is needed in defining market performance
guarantees before their use in safety critical applications can be
considered. The CDM initiative provides a useful benchmark
for how to appropriately implement a market mechanism
with airline participation. The ration by schedule approach
for GDPs, which assigns delays based on the existing flight
schedule, results in an incentive for airlines to provide accurate
flight information, thereby reducing the frequency of unused
landing slots. Although the mechanisms are different, the
lump-sum market approach proposed in this work does not
inherently give airlines resource rights implied by the existing
flight schedule. It is important for future work to address this
limitation of the lump-sum market theory to ensure various
stakeholders have proper incentives and are satisfied with the
equity of the approach to ensure participation in a coordinated
flow control solution.

Specific to the market mechanism presented in this work,
it is important to note that the price-anticipating airline model
does not capture every possible action airlines might take to
attempt to manipulate the allocation mechanism. Specifically,
the repeated nature of the allocation problem allows many
additional strategic behaviors to be executed by the airlines
that are not captured in this model. Well known negative
results demonstrate that every allocation can be sustained as an
equilibrium in repeated games, through strategies that punish
deviation over multiple epochs. Even in the single market
case, each set of bids submitted by the airlines is evaluated
separately in this model, without any notion that multiple
bidding rounds are required for convergence. This is a strict
limitation on the strategies considered for the airlines, and may
therefore not capture the true outcome if the mechanism were
implemented.

From the air traffic flow modeling perspective, further issues
also remain. In particular, the conversion of the equilibrium
flow solution into modifications to the existing aircraft flight
plans has not been addressed. The definition of the network
flow problem is inherently continuous, which is a requirement
of the mechanism under consideration, whereas the existence
of individual flights imposes an integer constraint on modifi-
cations. The result is that the flow solution may be difficult to
achieve in practice, despite the fact that airlines are required to
make payments for their flow allocations. In each case, these
issues represent interesting areas of future research, with broad
implications not only for air traffic management, but for many
other multi-agent engineering applications.
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APPENDIX

First, the proof for Theorem 4 is presented.

Proof: First, there exists a region, A, of increasing bids,
where both agents will always increase bids until Ag is exited.
This region can be identified by inspecting the best response
functions and noting that 8o(wy) is increasing in w; through-
out A, while ;(ws) is increasing for ws € (0, ¢1/4]. There-
fore, any bid pair starting in the region (0, c;1/4] x (0,c1/4]
must result in a trajectory that exits Ag at some step k.

For the remainder of the feasible set, A\Ag = (0, ¢1 /4] x
(c1/4, c2/4], the worst case slopes in terms of the magnitude of
the eigenvalues of a linearized dynamic occur at w; =€ > 0,
where 003;/0wy; — —1/2 as ¢ — 0 and we = [2(c1/4),
where 002 /0w; = \/ca/c1 — 1. The resulting eigenvalues of
this worst case linearization are uniformly bounded inside the
unit circle for all co/c; < 9/4. Therefore, all trajectories that
start in the feasible set A converge to the equilibrium, w*, for
ratios of ca/c1 < 9/4 and co/c; > 1. [ |

Next, the proof for Lemma 1 is presented.

Proof: Invariance is demonstrated by taking the dot prod-
uct of the outward normal to the boundary and the dynamics,
which is shown to be every non-positive. Along g1,

(W1, 13) - (=1,0) = —1in

= —Kk1 (01—1> SO, nggcl. (29)
wo
The remaining curves can be evaluated similarly. [ ]

Finally, the proof for Theorem 7 is presented.

Proof: The region () defined in Figure 5 is a simply
connected region which is invariant to the flow defined in
Equation (18) for ratios of ¢;/ci € [1,25/4]. Therefore, any
trajectory starting from a point wy € €2 cannot exit {} and
must spend infinite time in the region. By Andronov’s theorem,
every w-limit point must be either an equilibrium, an element
of a closed orbit or an element of a heteroclinic or homoclinic
orbit. There exists only one equilibrium point in €2, as shown
in Section III-B, and it is stable, therefore heteroclinic and
homoclinic orbits are not possible in 2, and so all w-limit
points must be either elements of a closed orbit or the unique
equilibrium. The existence of closed orbits can be ruled out
using Bendixson’s theorem since the divergence of the flow
field is negative for all w € :

div(f) = —2 | etz " K2CaW1 .
(w1 4 we) (w1 4 wo) (30)
<0, V{wl,’wg}EQ.

Therefore, the unique w-limit point in €2 is the equilibrium,
and so all trajectories starting in {2 must converge to this
equilibrium. Since the equilibrium is locally stable, a trajectory
cannot leave the equilibrium once it has been reached. [ ]
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